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On the existence of regular vectors
Christoph Zellner∗
Abstract. Let G be a locally convex Lie group and pi : G → U(H) be a continuous
unitary representation. pi is called smooth if the space of pi-smooth vectors H∞ ⊂ H
is dense. In this article we show that under certain conditions, concerning in particular
the structure of the Lie algebra g of G, a continuous unitary representation of G is
automatically smooth. As an application, this yields a dense space of smooth vectors
for continuous positive energy representations of oscillator groups, double extensions of
loop groups and the Virasoro group. Moreover we show the existence of a dense space of
analytic vectors for the class of semibounded representations of Banach–Lie groups. Here
pi is called semibounded, if pi is smooth and there exists a non-empty open subset U ⊂ g
such that the operators idpi(x) from the derived representation are uniformly bounded
from above for x ∈ U .
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1. Introduction
Let G be a Lie group modeled on a locally convex space and g be its Lie algebra, cf.
[11] for the basic concepts of infinite-dimensional Lie theory. Assume that G has
an exponential map, i.e., a smooth map exp : g→ G such that, for every x ∈ g, the
curve γx(t) := exp(tx) is a one-parameter group with γ
′
x(0) = x. Let pi : G→ U(H)
be a continuous unitary representation of G, i.e., a homomorphism pi of G into the
unitary group of a complex Hilbert space H such that pi is continuous when U(H)
is equipped with the strong operator topology.
A vector v ∈ H is called a smooth vector if the orbit map piv : G→ H, piv(g) :=
pi(g)v is smooth and we denote the space of all smooth vectors by H∞ = H∞(pi).
Then H∞ is a pi-invariant subspace of H. We call pi smooth if H∞ ⊂ H is dense.
In contrast to finite-dimensional Lie groups not every continuous unitary repre-
sentation pi of an infinite-dimensional Lie group G is smooth (see [14]). In this
article we obtain a result which states that under certain conditions a continuous
unitary representation is automatically smooth. In particular, this applies to posi-
tive energy representations of some prominent groups arising in physics, which will
be considered in detail. If G is a Banach–Lie group a vector v ∈ H is called an
analytic vector if piv : G → H is analytic. We will show the existence of a dense
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space of analytic vectors for the class of so-called semibounded representations of
Banach–Lie groups. Semiboundedness is a stable version of the ’positive energy’
condition ([1, 2]) and it will be defined below.
For a continuous representation pi : G → U(H) we obtain for every x ∈ g a
continuous unitary one-parameter group pix(t) := pi(exp(tx)). By Stone’s Theorem
pix has a skew-adjoint generator dpi(x) with dense domain
D(dpi(x)) ⊂ H, pi(exp(tx)) = etdpi(x).
The operators idpi(x) are self-adjoint and we define the support functional
spi : g→ R ∪ {∞}, spi(x) := sup(Spec(idpi(x))),
which is easily seen to be invariant under the adjoint action Ad of G on g. Moreover
Wpi := {x0 ∈ g : spi is bounded in a neighborhood of x0}
is a (possibly empty) invariant cone in g. In general, the unbounded operators
dpi(x), x ∈ g, may not have a common dense domain. However, if pi is smooth,
then every dpi(x), x ∈ g, is essentially skew-adjoint on H∞ and we obtain the
derived representation
dpi : g→ End(H∞), dpi(x) := dpi(x)|H∞ ,
which is a representation of g on H∞, see [13]. Moreover for a smooth representa-
tion pi the support functional satisfies
spi(x) = sup
v∈H∞,‖v‖=1
〈idpi(x)v, v〉, x ∈ g (1)
so that the cone Wpi is convex and spi is lower semicontinuous for pi smooth ([13]).
The representation pi is called semibounded if pi is smooth and Wpi 6= ∅.
It is an open problem if every continuous representation pi with Wpi 6= ∅ is
already semibounded. In Section 2 we show that this is true under certain condi-
tions involving conditions on the structure of the Lie algebra g of G. This result
will be applied to continuous positive energy representations of oscillator groups,
double extensions of loop groups and the Virasoro group, yielding a dense space of
smooth vectors for those. Section 3 is devoted to the existence of analytic vectors.
We show that every semibounded representation pi : G → U(H) of a Banach–Lie
group G extends locally to a holomorphic map which in turn yields a dense sub-
space of analytic vectors. This generalizes a result in [10] where it is assumed that
an Olshanski semigroup G exp(iWpi) ⊂ GC in a complexification GC of G exists,
cf. [10, Def. 5.3 & Thm. 5.7]. Up to this result for semibounded representations
of Banach–Lie groups, analytic vectors were known to exist only for very special
classes of groups such as certain direct limits ([23]) and the canonical commutation
relations in Quantum Field Theory ([21]).
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2. Smooth vectors
In this section G denotes a (locally convex) Lie group with an exponential map
exp : g → G. For a continuous representation pi : G → U(H) and a subset h ⊂ g
we define inductively
D(h) := D1(h) :=
⋂
x∈h
D(dpi(x)),
Dn(h) := {v ∈ D(h) : (∀x ∈ h) dpi(x)v ∈ Dn−1(h)},
D∞(h) :=
⋂
n∈N
Dn(h),
Dn(dpi(x)) := Dn({x}), x ∈ g, n ∈ N ∪ {∞} and set
ωkv : g
k → H, ωkv (x1, . . . xk) := dpi(x1) · · · dpi(xk)v
for v ∈ Dn(g), k ≤ n. Furthermore we put
Dnc (g) := {v ∈ Dn(g) : ωkv is continuous and k-linear for all k ≤ n}
for n ∈ N ∪ {∞}.
2.1. General results.
Definition 2.1. Assume that G is a Fre´chet–Lie group. Denote by L∞([0, 1], g)
the space of measurable maps [0, 1] → g with bounded, separable image modulo
those maps vanishing almost everywhere. Equip L∞([0, 1], g) with the topology
generated by the seminorms ‖ξ‖L∞,p := ess sup(p ◦ ξ) where p runs through the
continuous seminorms on g. Let R([0, 1], g) be the closure of the space of Rie-
mannian step functions [0, 1]→ g in L∞([0, 1], g). Then the Lie group G is called
R-regular if, for every ξ ∈ R([0, 1], g), the initial value problem 1
γ′(t) = γ(t).ξ(t), γ(0) = 1
has a solution γξ on [0, 1] (which then is uniquely determined by the product rule)
and the corresponding map
Evol : R([0, 1], g)→ C([0, 1], G), ξ 7→ γξ
is smooth, cf. [6] for more details.
Remark 2.2. Let pi : G → U(H) be a continuous unitary representation. For
every v ∈ H the map
C([0, 1], G)→ C([0, 1],H), γ 7→ piv ◦ γ
1Here γ : [0, 1] → G is an absolutely continuous map and γ′ denotes its (almost everywhere)
defined derivative. Moreover γ(t).ξ(t) denotes the tangent vector at γ(t) obtained from ξ(t) ∈ g
by left translation (via the derivative of left multiplication by γ(t)).
4 Christoph Zellner
is continuous. Indeed, for ε > 0 there exists an open 1-neighborhood U ⊂ G such
that ‖pi(g)v− v‖ < ε for all g ∈ U . For an element γ0 in the Lie group C([0, 1], G)
we then have
sup
t
‖pi(γ(t))v − pi(γ0(t))v‖ = sup
t
‖pi(γ0(t)−1γ(t))v − v‖ < ε ∀γ ∈ γ0 · C([0, 1], U)
and γ0 · C([0, 1], U) is an open neighborhood of γ0 in C([0, 1], G). We similarly
obtain that, for every v ∈ D1c (g), the linear map
R([0, 1], g)→ L∞([0, 1],H), ξ 7→ (t 7→ dpi(ξ(t))v)
is continuous.
The following proposition is a version of [14, Lem. 3.4] for R-regular Lie groups.
Proposition 2.3. Let G be a R-regular Fre´chet–Lie group and pi : G → U(H) a
continuous unitary representation. Then H∞ = D∞c (g).
Proof. The inclusion H∞ ⊂ D∞c (g) is clear. Now fix v ∈ D∞c (g) and consider the
maps
F1 : R([0, 1], g)→ C([0, 1],H), F1(ξ)(t) = pi(Evol(ξ)(t))v
F2 : R([0, 1], g)→ C([0, 1],H), F2(ξ)(t) = v +
∫ t
0
pi(Evol(ξ)(s))dpi(ξ(s))vds
Since G is R-regular, F1 is continuous by Remark 2.2. Let ξ0, ξ ∈ R([0, 1], g), t ∈
[0, 1], w ∈ H and set γ := Evol(ξ), γ0 := Evol(ξ0). Then
|〈(F2(ξ)− F2(ξ0))(t), w〉| ≤
∫ t
0
|〈pi(γ(s))dpi(ξ(s))v − pi(γ0(s))dpi(ξ0(s))v, w〉|ds
≤
∫ t
0
‖dpi(ξ(s)− ξ0(s))v‖ · ‖w‖+ ‖dpi(ξ0(s))v‖ · ‖pi(γ(s)−1)w − pi(γ0(s)−1)w‖ds
≤ sup
s∈[0,1]
‖dpi(ξ(s)− ξ0(s))v‖ · ‖w‖+ c · sup
s∈[0,1]
‖pi(γ(s)−1)w − pi(γ0(s)−1)w‖,
where c := sups∈[0,1] ‖dpi(ξ0(s))v‖ < ∞. Since Evol is continuous we conclude
with Remark 2.2 that F2 is continuous as a map F2 : R([0, 1], g) → C([0, 1],Hw),
where Hw denotes H equipped with the weak topology. If ξ is a constant map
ξ = x, x ∈ g, then F1(ξ)(t) = pi(exp(tx))v and
F2(ξ)(t) = v +
∫ t
0
pi(exp(sx))dpi(x)vds = pi(exp(tx))v = F1(ξ)(t).
If ξ is a Riemannian step function ξ|[tj ,tj+1[ = xj ∈ g, 0 = t0 < · · · < tk = 1, then
Evol(ξ)|[tj ,tj+1](t) =
j−1∏
`=0
exp((t`+1 − t`)x`) exp((t− tj)xj)
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and one similarly shows that F1 and F2 coincide on Riemannian step functions.
As F1 and F2 are both continuous maps R([0, 1], g) → C([0, 1],Hw) we conclude
that F1 = F2. Now let γ ∈ C∞([0, 1], G), γ(0) = 1, and denote by ξ := δl(γ) ∈
C∞([0, 1], g) the left logarithmic derivative of γ so that Evol(ξ) = γ, cf. [11,
Sect. II.4]. Since F1 = F2 and C
∞([0, 1], g) ⊂ R([0, 1], g) we obtain that piv ◦ γ =
F1(ξ) = F2(ξ) is C
1 with derivative
d
dt (pi
v ◦ γ)(t) = ddt (F2(ξ))(t) = pi(γ(t))dpi(ξ(t))v.
Hence [14, Lem. 3.3] yields that, for every v ∈ D∞c (g), the orbit map piv : G→ H
is C1 with derivative
dpiv(g)(g.x) = pi(g)dpi(x)v,
where g → g.x denotes the left invariant vector field on G corresponding to x ∈ g.
As dpi(x)v ∈ D∞c (g) we conclude that dpiv is C1 and hence piv is C2. Iterating this
argument shows that piv is C∞, i.e., v ∈ H∞.
Definition 2.4. The (locally convex) Lie group G has the Trotter property if, for
every x, y ∈ g,
exp(t(x+ y)) = lim
n→∞
(
exp
( t
n
x
)
exp
( t
n
y
))n
holds uniformly on compact subsets on R.
Remark 2.5. There are many important classes of Lie groups with the Trotter
property, for example locally exponential Lie groups, Diff(M) for a compact man-
ifold M and direct limits G =
⋃
nGn with G1 ⊂ G2 ⊂ . . . finite-dimensional Lie
groups, see [18, Sect. 3] for a more detailed list. Moreover every R-regular Lie
group satisfies the Trotter property and many important Lie groups are R-regular,
cf. [6].
Lemma 2.6. Let pi : G → U(H) be a smooth representation and h ⊂ g a dense
subspace. Then
Wpi ∩ h = {x0 ∈ h : spi|h is bounded in a neighborhood of x0}.
Proof. The inclusion ⊂ is clear. Now let x0 ∈ h such that spi|h is bounded in
a neighborhood of x0, i.e., there exists U ⊂ g open with x0 ∈ U and C > 0
such that spi(x) ≤ C for all x ∈ U ∩ h. As spi is lower semicontinuous the set
{a ∈ g : spi(a) ≤ C} is closed. Hence spi(x) ≤ C for all x ∈ U ∩ h. Since h ⊂ g is
dense we have U ∩ h ⊃ U . This implies x0 ∈Wpi.
Lemma 2.7. Let pi : G→ U(H) be a continuous representation and h ⊂ g a dense
subspace. Let v ∈ D(h) such that α : h→ H, x 7→ dpi(x)v is continuous and linear.
Then v ∈ D(g) and dpi(x)v = α̂(x) for all x ∈ g, where α̂ : g → H is the unique
continuous linear extension of α.
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Proof. Since v ∈ D(h) we have
pi(exp(tx))v − v =
∫ t
0
pi(exp(sx))α̂(x)v ds (2)
for x ∈ h, t ∈ R. As both sides of (2) are continuous maps in x ∈ g (for each
t ∈ R) we conclude that (2) holds for all x ∈ g. This implies v ∈ D(g) and
dpi(x)v = α̂(x), x ∈ g.
Definition 2.8. An integral subgroup of G is a subgroup H ⊂ G equipped with a
Lie group structure such that H is connected, the inclusion H ↪→ G is a smooth
group homomorphism and the induced map of Lie algebras h→ g is injective, see
also [11, Def. IV.4.7].
Theorem 2.9. Let pi : G → U(H) be a continuous representation. Assume there
exist subalgebras hj ⊂ g, j ∈ J , with corresponding integral subgroups Hj ⊂ G such
that h := spanjhj ⊂ g is dense and pi|Hj is smooth for every j ∈ J . Further assume
the existence of an element x0 ∈
⋂
j hj such that spi|h is bounded in a neighborhood
of x0. Then the following assertions hold:
(a) If G has the Trotter property then D∞(dpi(x0)) = D∞c (g).
(b) If G is locally exponential then pi is semibounded.
Proof. By assumption we may choose a continuous seminorm p on g and c > 0
such that
spi(x0 + y) ≤ c for all y ∈ h, p(y) ≤ 1. (3)
Let j ∈ J . Then pi|Hj is semibounded since x0 ∈ Wpi|Hj . Therefore, by [19,
Thm. 3.4], H∞(pi|Hj ) = D∞(dpi(x0)) and
‖dpi(x)v‖ ≤ (p(x) + p([x, x0]) · ‖Nv‖, x ∈ hj , v ∈ D∞(dpi(x0)), (4)
where N := 1i dpi(x0)+(c+1)1 ≥ 1. Note that D∞(dpi(x0)) = D∞(N). Since pi|Hj
is smooth, (1) and (3) yield
|〈idpi(y)v, v〉| ≤ c‖v‖2 + 〈 1i dpi(x0)v, v〉 ≤ 〈Nv, v〉
for y ∈ hj , p(y) ≤ 1, v ∈ D∞(dpi(x0)). With y = [x, x0], x ∈ hj we obtain
|〈[dpi(x), dpi(x0)]v, v〉| ≤ p([x, x0]) · 〈Nv, v〉, x ∈ hj , v ∈ D∞(dpi(x0)). (5)
Let j1, . . . , jn ∈ J and x1 ∈ hj1 , . . . , xn ∈ hjn . Then
∑n
`=1
1
i dpi(x`) is essentially
self-adjoint on D∞(N) by (4), (5) and [22, Thm. X.37]. We now show by induction
on n that dpi(
∑n
`=1 x`) =
∑n
`=1 dpi(x`). Assume dpi(
∑n
`=1 x`) =
∑n
`=1 dpi(x`) for
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some n ∈ N. Let v ∈ H and t ∈ R. By [2, Cor. 3.1.31], the continuity of the map
G→ H, g 7→ pi(g)v and since G has the Trotter property we have
et
∑n+1
`=1 dpi(x`)v = lim
k→∞
(
e
t
k
∑n
`=1 dpi(x`)e
t
k dpi(xn+1)
)k
v
= lim
k→∞
(
e
t
k dpi(
∑n
`=1 x`)e
t
k dpi(xn+1)
)k
v
= pi
(
lim
k→∞
(
exp( tk
∑n
`=1 x`) exp(
t
kxn+1)
)k)
v
= pi
(
exp(t
∑n+1
`=1 x`)
)
v = etdpi(
∑n+1
`=1 x`)v
Differentiation by t implies
∑n+1
`=1 dpi(x`) = dpi(
∑n+1
`=1 x`) so that in particular the
domains of these operators coincide. Thus D∞(N) is contained in the domain of
each dpi(
∑n
`=1 x`) and moreover the map
dpi : h→ End(D∞(N)), x 7→ dpi(x)|D∞(N)
is linear. Furthermore 1i dpi(x) is essentially self-adjoint on D∞(N) for every x ∈ h
and hence
spi(x) = sup
‖v‖=1,v∈D∞(N)
〈idpi(x)v, v〉
for all x ∈ h. Note that for y = ∑k`=1 y` ∈ h, y` ∈ hj` , we have [y, x0] ∈ h and
[dpi(y), dpi(x0)] =
k∑
`=1
[dpi(yk), dpi(x0)] =
k∑
`=1
dpi([yk, x0]) = dpi([y, x0])
on D∞(N) since dpi|hj is a representation for each j. Now we can argue as in the
proof of [19, Thm. 3.4], where we take D∞(N) for the space H∞ there, to conclude
that the map
h×D∞(dpi(x0))→ D∞(dpi(x0)), (x, v) 7→ dpi(x)v
is bilinear and continuous when D∞(dpi(x0)) is equipped with the C∞-topology.
Thus it extends to a unique continuous bilinear map β : g × D∞(dpi(x0)) →
D∞(dpi(x0)). By Lemma 2.7 D∞(dpi(x0)) ⊂ D(g) and dpi(x)v = β(x, v). Since β
takes values in D∞(dpi(x0)) this implies D∞(dpi(x0)) ⊂ D∞(g) and as β is contin-
uous and bilinear we further conclude that D∞(dpi(x0)) ⊂ D∞c (g). This yields (a).
If G is locally exponential then it has the Trotter property [18, Prop. 3.5]. Thus
(a) and [14, Lem. 3.4] imply that the dense subspace D∞(dpi(x0)) ⊂ H consists of
smooth vectors. Now Lemma 2.6 implies x0 ∈Wpi and (b) follows.
Remark 2.10. Let pi : G → U(H) be a continuous representation. If k ⊂ g
is a finite-dimensional subalgebra, then there always exists a corresponding inte-
gral subgroup K ⊂ G ([11, Cor. IV.4.10]) and moreover pi|K is smooth since ev-
ery continuous unitary representation of a finite-dimensional Lie group is smooth.
Consider the invariant cone
Cpi := {x ∈ g : spi(x) ≤ 0}.
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Then Cpi ∩ k = Cpi|K is a convex AdK-invariant cone which is closed in k by (1).
2.2. Application to oscillator groups.
Definition 2.11. (a) Let (V, ω) be a locally convex symplectic vector space and
γ : R→ Sp(V, ω) be a one-parameter group of symplectomorphisms defining
a smooth action of R on V and denote by D := γ′(0) : V → V its generator.
Then the Lie group
G(V, ω, γ) := Heis(V, ω)oγ R
is called an oscillator group, where Heis(V, ω) := R ×ω V is the Heisenberg
group with multiplication given by
(t, x)(s, y) =
(
t+ s+ 12ω(x, y), x+ y
)
.
The Lie algebra of G(V, ω, γ) is g(V, ω, γ) = heis(V, ω)oDR with the bracket
[(t, v, s), (t′, v′, s′)] = (ω(v, v′), sDv′ − s′Dv, 0).
(b) Let A be a self-adjoint operator on a complex Hilbert space HA with A ≥ 0
and kerA = 0 and let γ(t) = eitA be the corresponding unitary one-parameter
group. Equip VA := D∞(A) with the C∞-topology generated by the norms
v 7→ ‖Akv‖, k ∈ N0. Set ωA(x, y) := Im〈Ax, y〉 for x, y ∈ VA. Then the
oscillator group
GA := Heis(VA, ωA)oγ R
is called a standard oscillator group, cf. [20]. We call A diagonalizable if
there exists an orthonormal basis {ej : j ∈ J} of HA and λj ∈ R, j ∈ J , such
that Aej = λjej for every j ∈ J .
Theorem 2.12. Let GA be a standard oscillator group with A diagonalizable
and let pi : GA → U(H) be a continuous positive energy representation, i.e.,
1
i dpi(0, 0, 1) ≥ 0. Then pi is semibounded and in particular smooth.
Proof. Let {ej : j ∈ J} be an orthonormal basis of HA with Aej = λjej , λj > 0.
Consider the subalgebras hj := R×Rej ×R ⊂ gA and set h := spanjhj . Note that
each y =
∑n
k=1 yk ∈ h, yk ∈ hjk , is contained in the finite-dimensional subalgebra
R ⊕ (⊕nk=1Rejk) ⊕ R ⊂ gA. In view of Remark 2.10 we thus obtain from [24,
Prop. 2.17] that
spi(t, x, s) = spi
(
t− ‖x‖
2
2s
, 0, s
)
for all (t, x, s) ∈ h with s 6= 0. (6)
By assumption spi(0, 0, 1) ≤ 0. Choose j0 ∈ J . Then C := s−1pi (] − ∞, 0]) ∩ hj0
is a convex cone since hj0 is a finite-dimensional subalgebra. By (6) the parabola{(
t2
2 , tej0 , 1
)
: t ∈ R} is contained in C hence also its convex hull. Since C is
a cone we conclude that spi|hj0 is bounded in a neighborhood of x0 := (1, 0, 1).
Now (6) implies that spi|h is bounded in a neighborhood of x0. By [18, Prop. 3.14
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& Thm. 3.15 & Thm. B.7] GA has the Trotter property. As Heis(VA) is locally
exponential, Theorem 2.9(a) and [14, Lem. 3.4] show that D∞(dpi(x0)) consists of
smooth vectors for pi|Heis(VA). Since D∞(dpi(x0)) = D∞(hj0) by [19, Thm. 3.4] we
obtain that
GA → C, (t, x, s) 7→ 〈pi(t, x, s)v, v〉 = 〈pi(0, 0, s)v, pi(−t,−x)v〉
is smooth for all v ∈ D∞(dpi(x0)). Thus pi is smooth by [14, Thm. 7.2]. Now
Lemma 2.6 implies that pi is semibounded.
2.3. Application to double extensions of loop groups.
Definition 2.13. Let K be a 1-connected simple compact Lie group with Lie
algebra k and let L(K) := C∞(S1,K) be the corresponding loop group. The Lie
algebra of L(K) is the loop algebra L(k) := C∞(S1, k). Since K is compact we may
choose an invariant symmetric positive definite form 〈·, ·〉 on k which is normalized
in the sense of [17, Def. 3.3]. This yields the double extension
L̂(k) := (R⊕ω L(k))oD R,
where ω(ξ, η) = 12pi
∫ 2pi
0
〈ξ′(t), η(t)〉dt and Dξ = ξ′, see [17, Exa. 2.4]. Note that
t := R ⊕ {0} ⊕ R ⊂ L̂(k) is an abelian subalgebra. The Lie algebra R ⊕ω L(k)
integrates to a 2-connected Lie group L˜(K) ([17, Thm. 3.4]). The rotation action α
of R on L(K) lifts uniquely to a smooth action on L˜(K) which yields a 2-connected
Fre´chet-Lie group
L̂(K) := L˜(K)oα R
with Lie algebra L̂(k) (cf. [17, Def. 3.5]).
A continuous representation pi : L̂(K) → U(H) is called a positive energy
representation if the self-adjoint generator −idpi(0, 0, 1) is non-negative.
Remark 2.14. (a) Using the identification S1 = R/2piZ we may identify
L(K) = {f ∈ C∞(R,K) : (∀t ∈ R) f(t+ 2pi) = f(t)},
L(k) = {ξ ∈ C∞(R, k) : (∀t ∈ R) ξ(t+ 2pi) = ξ(t)}.
(b) The adjoint action of L(K) on the double extension g = L̂(k) is given by
Adg(g)(z, ξ, t) =
(
z + 〈δl(g), ξ〉 − t
2
‖δr(g)‖2,Ad(g)ξ − tδr(g), t
)
(7)
where δr(g) = g′g−1 ∈ L(k) denotes the right logarithmic derivative and
δl(g) = g−1g′ ∈ L(k) denotes the left logarithmic derivative of g ∈ L(K), cf.
[17, Sect. 2.3].
Proposition 2.15. Let pi : L̂(K) → U(H) be a continuous positive energy repre-
sentation. Then Wpi ∩ t 6= ∅. In particular, Wpi is non-empty.
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Proof. Set Cpi := {x ∈ L̂(k) : spi(x) ≤ 0} and g := L̂(k). Consider the subalgebra
k̂ := R ⊕ k ⊕ R of L̂(k) where we identify k with the constant loops in k. Since
K is compact there exists a basis (ei)
n
i=1 of k such that exp(2piei) = 1 for all
i ∈ {1, . . . , n}. Indeed, first choose a basis in a subalgebra tk ⊂ k, where tk is
the Lie algebra of a maximal torus, and then use Ad(K)tk = k. Since k̂ is finite-
dimensional, C := Cpi ∩ k̂ is a closed convex invariant cone in k̂ which contains
(0, 0, 1) by assumption. By the choice of ei we may consider νi,j(t) := exp(tjei) as
elements νi,j ∈ C∞(S1,K) for all i ∈ {1, . . . , n}, j ∈ Z. As Cpi is Adg-invariant,
equation (7) yields
Ad(νi,j)(0, 0, 1) =
(− 12‖jei‖2,−jei, 1) ∈ C. (8)
It is easy to verify that 2{(− 12 (λ2 + 14 )‖ei‖2, λei, 1) : λ ∈ R} ⊂ conv{(− 12j2‖ei‖2, jei, 1) : j ∈ Z}
for all i = 1, . . . , n. Thus equation (8) and the convexity of C imply{(− n2 ‖x‖2b − d, x, 1) : x ∈ k, d ≥ c0} ⊂ C,
where ‖∑ni=1 λiei‖b := (∑ni=1 λ2i ‖ei‖2)1/2 and c0 := 18n∑ni=1 ‖ei‖2. Hence there
exists c1 > 0 such that {(−c1‖x‖2− d, x, 1) : x ∈ k, d ≥ c0} ⊂ C. Since C is a cone
this entails an element x0 = (z0, 0, 1) ∈ t which is contained in the interior C0 of
C in k̂.
Now choose an open 0-neighborhood Uk ⊂ k such that exp : Uk → UK is a
diffeomorphism onto an open 1-neighborhood UK ⊂ K. Since K is compact, for
every ξ ∈ C∞(R, k) there exists a unique γξ ∈ C∞(R,K) such that γξ(0) = 1
and δr(γξ) = ξ. Moreover there exists an open convex symmetric 0-neighborhood
U˜ ⊂ k such that the map
Evol : C∞(S1, U˜)→ C∞([0, 2pi], UK), ξ 7→ γξ|[0,2pi]
is well-defined. Note that Evol is smooth due to the smooth dependence of solutions
of ordinary differential equations on (time-dependent) vector fields. Set UL(k) :=
C∞(S1, 12 U˜) which is an open subset of L(k). For ξ ∈ UL(k) and t > 12 define
gξ,t := γ−1
t ξ
, yξ :=
1
2pi exp
−1(gξ,t(2pi)) and hξ(s) := exp(syξ). Then we may
consider hξg
−1
ξ,t as element of L(K). The map
F : R× UL(k)×] 12 ,∞[ → L̂(k), F (z, ξ, t) = Adg(hξg−1ξ,t )(z, ξ, t),
is continuous (even smooth) since Evol is smooth. For ξ ∈ UL(k), t > 0 we calculate
with [11, Rem. II.3.4]
Ad(hξg
−1
ξ,t )ξ − tδr(hξg−1ξ,t ) = Ad(hξg−1ξ,t )ξ − t(δr(hξ) + Ad(hξ)δr(g−1ξ,t ))
= Ad(hξ)Ad(g
−1
ξ,t )ξ − tyξ + tAd(hξ)Ad(g−1ξ,t )δr(gξ,t)
= −tyξ
2This follows from the geometry of the standard parabola: If Pd(t) := (
1
2
t2 + d, t) and c > 0
then P 1
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c2 (R) ⊂ conv(P0(Zc)), where conv(M) denotes the convex hull of M ⊂ R2.
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since δr(gξ,t) =
−1
t ξ. Now (7) entails that F takes values in k̂. Recall the element
x0 = (z0, 0, 1) ∈ C0 from above. Since F (x0) = x0 and F is continuous there
exists an open x0-neighborhood V in L̂(k) such that F (V ) ⊂ C = Cpi ∩ k̂. As Cpi
is Adg-invariant we conclude that V ⊂ Cpi. Hence x0 ∈Wpi ∩ t.
Theorem 2.16. Let K be a 1-connected simple compact Lie group and L̂(K) be
the corresponding double extension of the loop group L(K). Then every continuous
positive energy representation pi : L̂(K)→ U(H) is semibounded and in particular
smooth.
Proof. Let G := L̂(K), g := L̂(k), choose a basis (bj)1≤j≤N of k and set
en,j ∈ L(k), en,j(t) := sin(nt)bj , fn,j ∈ L(k), fn,j(t) := cos(nt)bj
for n ∈ N0, 1 ≤ j ≤ N . Then each gn,j := R ⊕ω (Ren,j + Rfn,j) oD R is a
subalgebra of g and spann,jgn,j is dense in g. By Proposition 2.15 there exists
an element x0 ∈ Wpi ∩ t ⊂
⋂
n,j gn,j . Since L̂(K) satisfies the Trotter property
([6]) Theorem 2.9 yields D∞(dpi(x0)) = D∞c (g). Since L˜(K) is locally exponential,
D∞(dpi(x0)) consists of smooth vectors for pi|L˜(K) by [14, Lem. 3.4]. Let T ⊂ G
be the integral subgroup corresponding to t ⊂ g. Then D∞(dpi(x0)) = H∞(pi|T )
by [19, Thm. 3.4]. Therefore
G = L˜(K)oR→ C, (x, t) 7→ 〈pi(x, t)v, v〉 = 〈pi(t)v, pi(x)−1v〉
is smooth for every v ∈ D∞(dpi(x0)). Now [14, Thm. 7.2] entails that pi is smooth
with H∞(pi) = D∞(dpi(x0)). Thus pi is semibounded as Wpi 6= ∅.
2.4. Application to the Virasoro group.
Definition 2.17. The Lie algebra V(S1) of smooth vector fields on the unit cir-
cle S1 is the Lie algebra of the group of orientation preserving diffeomorphisms
Diff(S1)+ of the unit circle. Let ∂θ :=
d
dθ denote the vector field generating the
rigid rotations of S1. Note that V(S1) = C∞(S1)∂θ and
[f∂θ, g∂θ] = (fg
′ − gf ′)∂θ, f, g ∈ C∞(S1).
The Virasoro algebra is the central extension vir := R ⊕ω V(S1) of V(S1) by the
cocycle
ω(f∂θ, g∂θ) :=
∫ 2pi
0
(f ′′′ + f ′)gdθ,
cf. [15, Sect. 8.2]. The Virasoro group Vir is the (up to isomorphism unique)
simply connected regular Lie group with Lie algebra vir. Vir is a central extension
of the universal covering group of Diff(S1)+. A continuous unitary representation
pi : Vir→ U(H) is called a positive energy representation if 1i dpi(0, ∂θ) ≥ 0.
Theorem 2.18. Every continuous positive energy representation pi : Vir→ U(H)
of the Virasoro group is smooth and semibounded with (1, ∂θ) ∈Wpi.
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Proof. Set G := Vir, g := vir and Cpi := {x ∈ g : spi(x) ≤ 0}. For n ∈ N set
en ∈ V(S1), en(θ) := sin(nθ)∂θ, fn ∈ V(S1), fn(θ) := cos(nθ)∂θ.
Then each gn := R ⊕ω (Ren + Rfn + R∂θ) is a subalgebra of g and spanngn is
dense in g. Let t := R⊕ R∂θ and denote by Tr := exp(R∂θ) the subgroup of rigid
rotations. Consider the projection
pt : g→ t, (z, f∂θ) 7→
(
z,
∫
Tr
Ad(ϕ)(f∂θ)dµTr (ϕ)
)
=
(
z,
1
2pi
∫ 2pi
0
f(s)ds · ∂θ
)
where µTr denotes the normalized Haar measure on Tr. Set d := (0, ∂θ) and denote
by Ognd the adjoint orbit of d in gn. From the proof of [15, Thm. 8.14] we obtain
d+
(
1, 1pi(n2−1)∂θ
)
∈ pt(Ognd ) ⊂ conv(Ognd )
for n ≥ 2, where conv(Ognd ) denotes the closed convex hull of Ognd in gn. Since
d ∈ Cpi and Cpi ∩ gn is a closed convex invariant cone in gn (Remark 2.10) we
obtain d + (1, 1pi(n2−1)∂θ) ∈ Cpi ∩ t for n ≥ 2. As d ∈ Cpi and Cpi ∩ t is a closed
convex cone in t we conclude
R+(1, 0) + R+(0, ∂θ) ⊂ Cpi ∩ t, for R+ := {t ∈ R : t ≥ 0}.
In particular, x0 := (1, ∂θ) lies in the interior of Cpi ∩ t in t. Let U be an open
neighborhood of x0 in t with U ⊂ Cpi ∩ t. Set Wmax := {(z, f) ∈ g : f > 0}.
According to [15, Prop. 8.12] there is a continuous map
F : Wmax → t, (z, f) 7→ (β(z, f), α(z, f))
with F (x0) = x0 such that F (z, f) and (z, f) lie on the same AdG-orbit for every
(z, f) ∈ Wmax. As Cpi is AdG-invariant we conclude that x0 ∈ F−1(U) ⊂ Cpi. By
the continuity of F the set F−1(U) is an open x0-neighborhood in g. Therefore
x0 ∈Wpi. Since Vir has the Trotter property ([18, Cor. 3.17]), Theorem 2.9 yields
D∞(dpi(x0)) = D∞c (g). The Virasoro group is R-regular by [6]. Thus Proposi-
tion 2.3 entails D∞(dpi(x0)) = D∞c (g) = H∞. In particular, pi is smooth and thus
semibounded since x0 ∈Wpi.
Remark 2.19. Let pi : Vir→ U(H) be a continuous positive energy representation
and d = (0, ∂θ), t = R⊕ R∂θ. In [7, Chapter 1] it is shown that D∞c (vir) = D∞(t)
if 1i dpi(1, 0) = c1, c ∈ R, and 1i dpi(d) is diagonalizable with finite-dimensional
eigenspaces, see also [5, Sect. 4], [3, App. A] and [4, Thm. 3.4] where the eigenspaces
of 1i dpi(d) are not assumed to be finite-dimensional.
3. Analytic vectors
In this section G denotes a Banach–Lie group. Then we may choose an open 0-
neighborhood U˜ ⊂ g such that exp |U˜ : U˜ → exp(U˜) is a diffeomorphism and the
map
m : U˜ × U˜ → g, (x, y)→ exp−1(exp(x) exp(y))
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is analytic, cf. [11, Cor. IV.1.10 & Def. IV.1.5]. Hence there exists an open
0-neighborhood U ⊂ U˜ and a holomorphic map mC : UC × UC → gC, where
UC := U + iU , such that mC extends m|U and is given by the Hausdorff series. We
write x ∗ y := mC(x, y) for x, y ∈ UC. Consider the map
ψ : U × U → gC, (x, y)→ x ∗ iy.
Since dψ(0, 0)(x, y) = x+iy we may assume by the Inverse Function Theorem (after
shrinking U) that ψ is a diffeomorphism onto an open 0-neighborhood ψ(U×U) ⊂
gC. By shrinking U further to a convex 0-neighborhood we may assume that
three-fold products are defined and (a ∗ b) ∗ c = a ∗ (b ∗ c) holds for all a, b, c ∈ UC.
Remark 3.1. (a) Since (b∗a)∗ (−a) = b and (−a)∗ (a∗ b) = b for all a, b, c ∈ U
these equations hold by analytic continuation also for all a, b, c ∈ UC. With
`a(b) := a∗b and ra(b) := b∗a we conclude that d`a(b) and dra(b) are C-linear
isomorphisms for all a, b ∈ UC.
(b) Let I ⊂ R be an interval and γ : I → UC be a C1 curve. Then the (right)
logarithmic derivative of γ is defined by
δr(γ)t := dr−γ(t)(γ(t))(γ′(t)) = (drγ(t)(0))−1(γ′(t)),
see also [11, Sect. II.4]. By [9, Lemma 13] δr(γ)t =
∫ 1
0
esadγ(t)γ′(t)ds.
Now let pi : G→ U(H) be a semibounded unitary representation.
Definition 3.2. Define
ρ˜ : g×Wpi → B(H), (x,w) 7→ pi(exp(x))eidpi(w)
and set Vpi := ψ(U × (U ∩Wpi)) and ρ : Vpi → B(H), ρ(z) = ρ˜(ψ−1(z)).
We want to show that ρ is holomorphic as a map from the open subset Vpi ⊂ gC
to the bounded operators B(H) (equipped with the operator norm topology).
Remark 3.3. For v ∈ H∞ the map g×Wpi → H, (x,w)→ ρ˜(x,w)v is C1 by [10,
Lem. 5.2]. Thus Vpi → H, z 7→ ρ(z)v is C1 for all v ∈ H∞. Moreover eidpi(w)H∞ ⊂
H∞ for all w ∈Wpi, by the proof of [10, Lem. 5.2].
Lemma 3.4. Let y ∈ U ∩Wpi and Uy ⊂ U be a convex 0-neighborhood such that
(iUy) ∗ iy ⊂ Vpi = U ∗ (i(U ∩Wpi)). Let x ∈ Uy. For every t ∈ [0, 1] there exist
unique elements a(t) ∈ U,w(t) ∈ U ∩Wpi such that (tix) ∗ iy = a(t) ∗ iw(t). Then
etidpi(x)eidpi(y) = pi(exp(a(t)))eidpi(w(t)) ∀t ∈ [0, 1]. (9)
Proof. Note that for y ∈ U ∩Wpi it is always possible to choose Uy with the stated
properties since U → gC, z 7→ iz∗iy is continuous. The first statement follows from
the fact that ψ : U×U → U ∗iU is a diffeomorphism. Thus it remains to prove (9).
Here we argue in a similar fashion to the proof of [10, Thm. 5.4]. Consider the map
γ : [0, 1] → H, γ(t) := pi(exp(a(t)))eidpi(w(t))v which is C1 by Remark 3.3. Note
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d
ds s=t
(
a(s) ∗ (−a(t))) = dr−a(t)(a(t))(a′(t)) = δr(a)t and denote the complex-
linear extension of dpi again by dpi : gC → End(H∞). Then [10, Lem. 5.2 &
Lem. 5.5] yields
γ′(t) = dpi
(
δr(a)t
)
γ(t) + pi
(
exp(a(t))
)
dpi
(∫ 1
0
eis·adw(t)iw′(t)ds
)
eidpi(w(t))v
= dpi(δr(a)t)γ(t) + pi(exp(a(t)))dpi(δ
r(iw)t)e
idpi(w(t))v
= dpi
(
δr(a)t + e
ada(t)δr(iw)t
)
γ(t)
= dpi
(
δr(a ∗ w)t
)
γ(t) (by [9, Lem. 12])
= idpi(x)γ(t),
where the last equation follows from (tix)∗ iy = a(t)∗ iw(t) and [9, Lem. 11]. Since
γ(0) = eidpi(y) the assertion now follows from [8, Thm. 1.5].
Proposition 3.5. The map ρ : Vpi → B(H) is holomorphic.
Proof. Let v ∈ H∞ and consider the map ρv : Vpi → H, z 7→ ρ(z)v which is C1
by Remark 3.3. Let y ∈ U ∩ Wpi and x ∈ g. Then for small t ∈ R we have
ρ((tix) ∗ (iy)) = etidpi(x)eidpi(y) by Lemma 3.4 and ρ((tx) ∗ (iy)) = etdpi(x)eidpi(y) by
the definition of ρ. This implies that dρv(iy) is C-linear since driy(0) is a C-linear
isomorphism. For x ∈ U, y ∈ U ∩Wpi and z ∈ gC
ρ(x ∗ (tz) ∗ iy) = pi(exp(x))ρ((tz) ∗ iy)
holds for small t ∈ R. Thus Remark 3.1(a) implies that ρv is complex-differentiable
at every point x∗ iy ∈ Vpi. Since ρv is C1 we conclude that it is holomorphic. As pi
is semibounded and ‖ρ˜(x,w)‖ = ‖eidpi(w)‖ = espi(w), the map ρ = ρ˜ ◦ψ−1 is locally
bounded. Hence ρ is holomorphic by [12, Lem. 3.4] since H∞ ⊂ H is dense.
Recall that Banach–Lie groups are analytic.
Definition 3.6. Let pi : G→ U(H) be a continuous representation of the Banach–
Lie group G. A vector v ∈ H is called analytic if the orbit map G→ H, g 7→ pi(g)v
is analytic, see [16].
Theorem 3.7. Let G be a Banach–Lie group and pi : G→ U(H) be a semibounded
representation. Then for every x0 ∈ Wpi the map G → B(H), g 7→ pi(g)eidpi(x0) is
analytic. In particular, there exists a dense subspace of analytic vectors for pi.
Proof. Let U ⊂ g be as above. Since eidpi(x0) = (eidpi(x0/n))n we may assume
w.l.o.g. that x0 ∈Wpi ∩ U . Then the map
U → H, x 7→ pi(exp(x))eidpi(x0) = ρ(x ∗ ix0)
is analytic since x → x ∗ ix0 is analytic and ρ is holomorphic (Proposition 3.5).
Hence G → B(H), g 7→ pi(g)eidpi(x0) is analytic in a 1-neighborhood and therefore
analytic since pi is a representation. As eidpi(x0)H ⊂ H is dense (eidpi(x0) is self-
adjoint and injective), we conclude that eidpi(x0)H is a dense subspace consisting
of analytic vectors.
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Remark 3.8. Let pi : G → U(H) be semibounded and x0 ∈ Wpi. Theorem 3.7
shows in particular that the map G→ B(H), g 7→ pi(g)eidpi(x0) is smooth if G is a
Banach–Lie group. Using different techniques this was also obtained in [19] in the
more general setting when G is only assumed to be metrizable.
4. Open problems
If pi : G → U(H) is a continuous representation with Wpi 6= ∅ then Theorem 2.9
shows the existence of a dense space of smooth vectors for pi under certain con-
ditions, including conditions on the structure of the Lie algebra g. Though this
theorem applies to many important examples of infinite-dimensional Lie groups, a
more general result would be desirable.
Conjecture 4.1. Let G be a Lie group with an exponential map and pi : G→ U(H)
a continuous representation with Wpi 6= ∅. Then pi is semibounded, resp., smooth.
Here the crucial part is to show that pi is smooth. If pi is semibounded then
H∞(pi) = D∞(dpi(x0)) for any x0 ∈ Wpi ([19]). Thus in the situation of the pre-
ceding conjecture one can pick x0 ∈Wpi and take the dense subspace D∞(dpi(x0))
as a natural candidate for H∞(pi). Nevertheless, a proof of the conjecture seems
to require new techniques as for x, y ∈ g it is not even clear that dpi(x) and dpi(y)
are defined on a common dense domain.
According to Theorem 3.7 every semibounded representation pi of a Banach–
Lie group G has a dense space of analytic vectors, where analytic vectors are
understood in the sense of Definition 3.6. Even though locally convex Lie groups
are in general not analytic, there are natural notions of analytic vectors for their
representations, cf. [16]. A generalization of Theorem 3.7 from the Banach case to
general locally convex Lie groups would be desirable. As H∞ = D∞(dpi(x0)), x0 ∈
Wpi, for a semibounded representation pi it seems natural that the space of analytic
vectors Hω of pi is also determined by dpi(x0) for x0 ∈Wpi:
Problem 4.2. Let G be a Lie group with an exponential map, pi : G → U(H) a
semibounded representation and x0 ∈Wpi. Show that Hω = Hω(dpi(x0)), where
Hω =
{
v ∈ H∞ : ∑∞n=0 ‖dpi(x)nv‖n! <∞ for x in a neighbh. of 0},
Hω(dpi(x0)) =
{
v ∈ H∞ : (∃t > 0)∑∞n=0 tn‖dpi(x0)nv‖n! <∞}.
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